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INTRODUCTION

1. Urgency of the topic

In recent years, along with the rapid development of automation, smart
manufacturing, and digital transformation in industry, industrial manipulators have
been increasingly widely used in various fields, such as assembly, welding, painting,
machining, loading and unloading, packaging, and material handling.

In practical operation, the requirements imposed on industrial manipulators
are not limited to their ability to perform motions according to technological
demands, but also include criteria related to accuracy, stability, flexibility, working
cycle time, and energy efficiency.

Dynamic analysis of industrial manipulators provides the basis for
determining the relationship between the motion of the system and the forces and
moments acting on its links, joints, and drive mechanisms. Although numerous
studies have been conducted on kinematic modeling, dynamic modeling, and control
of manipulators, this remains a field in which many issues require further
clarification.

In addition, in many current studies and applications, numerical simulation
plays an increasingly important role in the design, evaluation, and optimization of
industrial manipulator motion. At the same time, simulation models and data can
also provide a reference basis for further research directions related to intelligent
control, data-driven optimization, and digital twin models in the field of industrial
robotics.

From the above analysis, it can be seen that research on dynamic analysis and
optimal motion control of industrial manipulators is necessary.

2. Research objectives

Nghién ciru co s¢ Iy thuyét va xay dung khung phuong phap phén tich dong
luc hoc, t6i wu hoa chuyén dong cua tay may cong nghiép, 1am co s¢ cho viéc mo
phong va danh gia mot s6 bai toan chuyén dong dién hinh.

3. Research object and scope

3.1. The research object

The research object of the dissertation is open-chain industrial manipulators.
The specific objects investigated in the numerical simulations are models of planar
manipulators with three degrees of freedom.

3.2. Research scope
The dissertation focuses on studying industrial manipulators in terms of
mechanical modeling, dynamic analysis, and motion optimization.

- The links of the manipulator are assumed to be perfectly rigid bodies,
without considering link and joint elasticity or uncertainty-related issues, such as
parameter errors and payload disturbances.

- The types of motion considered for optimization include point-to-point
motion and motion along a prescribed trajectory of the end-effector.
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- The selected optimization criterion is the reduction of control effort.

4. Research method

The dissertation employs a theoretical research method combined with
numerical simulation. Based on multibody system mechanics and optimal control
theory, the problems of dynamic analysis and motion optimization of industrial
manipulators are formulated and investigated through modeling, equation
establishment, and the solution of optimization problems using numerical simulation
tools.

5. Scientific and practical significance

5.1. Scientific significance

- The study develops a theoretical foundation and methodological framework
for the optimal control problem of industrial manipulators.

- The optimal control-effort trajectories are determined for several planar
manipulators, thereby contributing to clarifying the applicability of the approach
based on Pontryagin’s principle in research on the motion optimization of industrial
manipulators.

5.2. Practical significance

- The proposed research method can support the selection of motion
schemes aimed at reducing control effort and improving the working efficiency of
manipulators in industrial operation processes.

- The results of the dissertation can provide a reference basis regarding
input parameters, dynamic models, cost functions, and simulation data for further
studies on intelligent control and data-driven robot motion optimization.

6. Novel contributions of the dissertation

- A methodological framework is proposed for the problems of dynamic
analysis and optimal motion control of industrial manipulators. The methodological
components are organized into a unified procedure that directly supports the
formulation and solution of optimal motion control problems for industrial
manipulators.

- Optimal control problems are formulated for several typical motion types
of industrial manipulators, with direct consideration of the dynamic structure of the
manipulator rather than treating them merely as separate kinematic trajectory-
planning problems.

- The optimal control laws are verified through numerical simulations for
several representative planar manipulator models. Quantitative comparisons are
made in terms of the optimization criterion against several motion laws and other
methods, thereby illustrating the applicability of the proposed method.

CHAPTER 1. OVERVIEW OF THE RESEARCH PROBLEM
1.1. General introduction of industrial manipulators

Industrial manipulators are an important component of modern automation
systems. According to ISO terminology, an industrial robot is understood as an
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automatically controlled, reprogrammable, multipurpose actuator that operates
along three or more axes and may be fixed in place or mounted on a mobile platform
to serve automation applications in industrial environments [1].

1.1.1. Sw phat trién ciia tay may cong nghiép

The development of industrial manipulators is closely associated with the
transition from hard automation to flexible automation and smart manufacturing.

In terms of deployment scale, data from the International Federation of
Robotics indicate that industrial robots have maintained a long-term growth trend
over the past decade. According to the World Robotics report, the number of newly
installed industrial robots worldwide has exceeded 500,000 units per year for several
consecutive years, while the total number of robots in operation worldwide has
reached more than 4 million units [2], [4].

A notable trend in recent years is the parallel development of traditional
industrial robots and collaborative robots.

1.1.2. Advantages of industrial manipulators

Industrial manipulators offer numerous advantages in production and
manufacturing.

First, they can operate with high repeatability and maintaining stable
operational quality over long periods of time.

Second, they can improve the productivity and flexibility of production
systems.

Third, they contribute to improving working conditions and production
safety.

In addition to the advantages mentioned above, an increasingly important
benefit is the ability to optimize operational efficiency, particularly with respect to
cycle time, energy consumption, and equipment durability.

1.2. Overview of dynamic analysis and motion optimization of industrial
manipulators

Dynamic analysis and motion optimization are two central aspects of modern
research on industrial manipulators. They are closely related and complement each
other throughout the processes of modeling, control, and evaluation of operational
efficiency [6], [7], [9], [10].

While dynamic analysis answers the question of “what force or moment is
required for the manipulator to move in a given manner,” motion optimization
addresses the question of “how the manipulator should move in order to be optimal
according to a specified criterion.” Motion optimization is a broad concept that
encompasses trajectory planning, motion planning, time allocation, optimization of
energy-related criteria, and optimal control [7], [10], [12].

1.3. Research situation worldwide and in Vietnam

1.3.1. Dynamic analysis of robot manipulators
Worldwide, studies on the dynamic analysis of robot manipulators have
mainly developed along classical methodological directions, among which the
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Newton—Euler method, the Lagrange method, and the Hamilton method are
prominent [13]-[16].

In general, it can be observed that the methods for dynamic analysis of robot
manipulators have been established relatively comprehensively, and their
effectiveness has been verified through numerous studies. Therefore, in recent years,
international studies have focused less on re-evaluating these fundamental methods
independently and have instead mainly developed toward extensions and more
specialized applications.

1.3.2. Motion optimization of robot manipulators
1.3.2.1. Overview of approaches to robot manipulator motion optimization

Motion optimization of robot manipulators is a research direction that has
received attention for a long time and has continued to develop in response to
increasing demands for productivity, accuracy, and operational efficiency of
industrial robots.

Based on published studies, the main approaches to the motion optimization
problem of robot manipulators can be classified into three major groups: motion
planning, direct methods, and indirect methods.

Another noteworthy research trend is the shift from purely time-optimal
problems to multi-objective optimization problems. However, the diversity of
criteria and approaches has also led to a fragmentation of studies according to
specific problem types, objective functions, and formulations of the optimization
problem.
1.3.2.2. Studies based on the motion planning approach

In general, studies based on the motion planning approach are mainly
valuable in establishing a foundation for the motion optimization problem of robot
manipulators based on motion optimization theory. However, when considering
multi-degree-of-freedom industrial manipulators with nonlinear dynamic models
and motion problems involving boundary conditions or specific trajectory
constraints, motion planning often faces major obstacles in terms of computational
feasibility. This is an important reason why, despite its rigorous theoretical
foundation, motion planning has not become the dominant approach in most current
studies on the optimal motion of industrial manipulators.
1.3.2.3. Studies based on direct methods

In essence, with this approach, the original optimal control problem is not
handled by directly deriving the necessary optimality conditions but is instead
transformed into a finite-dimensional optimization problem by parameterizing the
state trajectory or the control signals. The resulting problem is then solved using
numerical optimization tools, often in the form of nonlinear programming [18], [32].
Some common limitations are that the solution quality depends strongly on the
choice of algorithmic parameters, the computational time may be substantial, and it
is difficult to provide a rigorous theoretical assessment of the optimality of the
solution.



1.3.2.4. Studies based on indirect methods

From the published works, it can be observed that indirect methods have
demonstrated the ability to handle many classes of optimal control problems. A
notable advantage of this approach is that it clarifies the structure of the optimization
problem based on the dynamic model, thereby directly establishing the relationship
among the state variables, costate variables, control variables, and boundary
conditions. For problems in which the optimality criterion is closely associated with
joint forces or moments, this represents an important advantage.
1.3.2.5. Studies in Vietnam

One application-oriented work is the study by Le Anh Kiet and co-authors in
2016 [63] on the design and fabrication of a control system for an AKB loading and
unloading robot.

In the direction of optimizing control parameters to improve response quality,
Duong Xuan Bien and Chu Anh My in 2018 [64] studied the design problem of a
controller for a two-link rigid manipulator. In this work, the parameters of the PID
controller were optimized using particle swarm optimization (PSO) to improve
positioning accuracy.

From the perspective of kinematic motion optimization, Nguyen Mai Quyen,
Chu Binh Minh, and Ha Binh Minh in 2022 [65] presented a method for calculating
and optimizing joint angles in the control of a planar three-degree-of-freedom
robotic arm. The problem was formulated as determining the joint angles such that
the end-effector moves along the prescribed trajectory.

Luu Thi Hue and Nguyen Pham Thuc Anh in 2022 [57] proposed a method
for designing the optimal trajectory for robots using an adaptive genetic algorithm.
1.3.2.6. Remarks on the research situation of robot manipulator motion optimization

Based on the reviewed studies worldwide, the problem of robot manipulator
motion optimization has been investigated using various approaches and has
achieved significant results.

Compared with international studies, domestic research on motion
optimization and optimal control of robot manipulators remains more limited, both
in terms of the number of publications and the diversity of approaches.

1.4. Research orientation of the dissertation

From the above remarks, several research gaps on which the dissertation will
focus can be identified as follows:

- First, an approach is needed that closely links the dynamic model of
industrial manipulators with the motion optimization problem, rather than being
limited to trajectory optimization in a purely kinematic sense or to purely numerical
optimization.

- Second, typical motion cases of industrial manipulators need to be
investigated in order to evaluate the applicability of the proposed methodological
framework in practically meaningful situations.

The research contents of the dissertation are as follows:
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- Studying the theoretical foundations of manipulator dynamics and optimal
control.

- Developing dynamic models and formulating optimal control problems for
industrial manipulators using Pontryagin’s principle.

- Numerically simulating the optimal control of manipulators for typical
motions.

Conclusion of Chapter 1

From the contents of Chapter 1, several conclusions can be drawn as follows:

1- From the review of domestic and international research, the motion
optimization of industrial robots continues to attract the attention of researchers.

2- The theory of dynamic analysis of industrial robots has been well
established, with major methods such as Newton—Euler, Lagrange, Hamilton, and
approaches for constrained manipulators. These methods provide the foundation for
modeling and investigating manipulator motion. For the problems of motion
optimization and optimal control of robot manipulators, several main approaches
have been developed, including motion planning, direct methods, and indirect
methods.

3- The dissertation defines its research content as using dynamic models
based on the Lagrange method and appropriate principles to formulate and solve the
motion optimization problem of industrial manipulators through an indirect method
based on Pontryagin’s principle. This approach is applied to several typical motion
cases to clarify the optimal control laws of the system.

CHAPTER 2. THEORETICAL FOUNDATIONS OF DYNAMIC ANALYSIS
AND OPTIMAL CONTROL OF INDUSTRIAL MANIPULATORS

2.1. Theoretical foundations of manipulator dynamics

2.1.1. Homogeneous transformation matrix method
Consider a point M whose position Vi
in the coordinate system O,x;y; is given by

l'(j) — |:x(f) (/) :|T its iti 1 th
o VAR oyl I position in the
coordinate system O,x,y, is

x/(\;) =u-+ .x/(\/;) COS @ — y}(‘;)
W=y 4 X sing+ ) cos B il i i
Yy M P+ Yy 4 Hinh 2.1. Bidu dién cdc hé toa ds va vi i diém M

v

sin ¢

(1.1) o ; 5

i

Define the transformation matrices
1 0 u 1 00 cosp —sing 0

t,=/0 1 Of;t,={0 1 v|;t =|sing cosp O (1.2)
0 0 1 0 0 1 0 0 1
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The matrix T, =ttt is also called the transformation matrix from the

coordinate system O,x,y; to the coordinate system O,x,y; .

2.1.2. Application of the homogeneous transformation matrix method to
manipulators
At that time, the matrix representing the transformation from the coordinate
system O,x,y, to the fixed coordinate system O,x,y, is:

T =T'TT.T" (1.3)

The coordinates of the end-effector point E in the fixed coordinate system are
then expressed as:
") Q)
El=TE (1.4)
1 1

For each manipulator model, the transformation matrices T’,T,,... are
determined, and the matrix T is then obtained. Subsequently, the position, velocity,
and acceleration of the end-effector point are determined.

2.2. Theoretical foundations of manipulator dynamics

2.2.1. Matrix form of the second-kind Lagrange equations

Phuong trinh Lagrange loai 2 cua tay may véi q= [q1 q, ... q, ]T
denoting a complete set of generalized coordinates, are written as:
d [aT ] _or _ op

- o T i=1,2,m 1.5
) o ag " C -

i

dt

where T is the kinetic energy of the system, P is the potential energy function, and
Q! is the generalized force corresponding to non-conservative forces.

The dynamic equations of the manipulator can be expressed in matrix form
as follows [1]:

A§=Q+Q, (1.6)

2,2,2, Equations of motion of constrained manipulators

In many technological problems, robot manipulators do not move completely
freely within the workspace but must additionally satisfy certain kinematic or
dynamic constraints.

In matrix form, the equation of constraint reaction forces is given by

DQ =0 1.7)
with D:[dm.] is a matrix of size (n—r)xn and Q° :[Qf o, . Q;]T.

At this point, the matrix-form equations of motion are established as
DA =D(Q+Q") (1.8)
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The system of equations (2.19), together with the constraints, forms a system
of differential-algebraic equations, but only n generalized redundant coordinates
remain.

2.3. Theoretical foundations of optimal control of manipulators

2.3.1. Optimal control problem of manipulators
Consider a robot manipulator as a dynamic system whose differential
equations of motion are expressed in the form

x(1)=1(x(6),u(t)), x(t) =%, x:m (1.9)

q

In general form, the objective function can be written as
t
J=¢(x, )+ [L(x(£),u(r))dt (1.10)

In general form, the terminal conditions can be written as
@(x,)=0 (1.11)

From the above components, the optimal control problem of a robot
manipulator can be stated in general form as follows::
Consider a robot manipulator whose differential equations of motion are

expressed in the form (2.20). Determine the control variables u’ (t) such that the

system moves from the initial state X(tg) = Xy, satisfies the terminal conditions (2.23),
and, at the same time, the objective function (2.22) attains its optimal value.

2.3.2. Pontryagin’s Maximum Principle
To construct the necessary conditions for the optimal problem, an auxiliary
set of variables, called costate variables, is introduced. The costate vector is denoted

by p.
The Hamiltonian function, which combines the dynamics of the system and
the cost, is constructed as follows:

H(x,u,p):pr(x,u)+p0L(x,u); Do e{O,—l} (1.12)

Pontryagin’s principle:
A necessary condition for the optimal control u=u" (t) to transfer the
system (2.20) from the initial state x(to) =X, satisfy the terminal conditions (2.23),
follow the corresponding optimal trajectory X=X (t) , have the corresponding

costate variable p :p*(t) and make the objective functional (2.22) attain the
required extremum is as follows:
1. There exists an extended costate vector p=[ po,p]T which is not

identically zero and satisfies the costate equation and the state equation.
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2. The Hamiltonian function H (x, u, p) attains its maximum with respect to

3. At the terminal time ¢=¢,, the transversality condition for the costate

variables is satisfied.
o¢(x,)] [om(x,)]
p(e)=|— | H | v (1.13)

2.3.3. Application of Pontryagin’s principle to optimal control of manipulators
The dynamic equations can be written in the state space as:

K=f(xu)=| (q)[uciN(q,(])ﬂ (1.14)

Thus, the application of Pontryagin’s principle to the optimal control problem
of robot manipulators leads to a system consisting of the state equations, costate
equations, extremum condition, and boundary conditions.

2.4. Theoretical foundations of several motion laws for quantitative comparison
2.4.1. Cubic polynomial motion law
Consider a motion variable over the time interval from ¢, to ¢, . This variable

is described by a cubic polynomial in time as:
o(t)=a, +at+a,t’ +a,’ (1.15)

where ¢(¢) is the motion variable, and a,,q,,a,,a, are coefficients to be

determined.

2.4.2, Quintic polynomial motion law
Consider a motion variable over the time interval from ¢, to #, . This variable

is described by a quintic polynomial in time as:
(o(t):ao tat+at’ +at’ +att +at’ (1.16)

where ¢(¢) is the motion variable, and a,,i = 0..5 are coefficients to be determined.

2.4.3. S-curve motion law
Consider a motion variable over the time interval from 7, to #, . he jerk of

the motion variable is defined as:

(1.17)

In a seven-phase S-curve motion law, the motion is divided into seven
consecutive time intervals..
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2.4.4, Procedure for comparing motion laws according to the objective
function J
For the point-to-point motion problem in joint space, the reference motion
laws are constructed directly for each joint variable:

ql.(t)z(pi(t), i=12,...,n (1.18)

For the problem with an end-effector trajectory constraint, consider the end-
effector trajectory described in parametric form as:

xp =x(0), ye =v:(0) (1.19)

Accordingly, q(),q(¢),d(¢) are substituted into the dynamic equations to
determine the corresponding forces or moments.

2.5. Proposed methodological framework

Bai toan nghién ctru tdng quat: Pong lwe hoc va diéu
khién t6i wu chuyén dong tay may cong nghiép dya trén
nguyén 1y cuc dai Pontryagin

Bai toan dong hoc
Phirong phép ma trén truyén:
- Vitri diém cudi rg, vi tri khdi tim r¢,
- Ma tran bién déi hé toa do TF !

Bai toan dong luc hoc

Co6 rang budc quy dao
didm tac dong cudi?

] v

Phwong trinh Lagrange loai 2 Phwong trinh chuyén dgng theo nguyén
dang ma trin A = Q + Qg 1y phtt hop DAG = D(Q + Qqc)
Bai toan diéu khién t6i vu
- Nguyén Iy Pontryagin

| Quy dao chuyén dong va luat diéu khién t5i wu ‘

Fig. 2.1. Proposed methodological framework

Conclusion of Chapter 2

From the contents of Chapter 2, several conclusions can be drawn as follows:

1- The problem of dynamic analysis and motion optimization of industrial
manipulators can be established on a unified theoretical basis. This connection
shows that the three layers of content are not separate from one another, but instead
form a complete logical sequence of research.

2- The selection of the homogeneous transformation matrix method, the
matrix form of the second-kind Lagrange equations, combined with appropriate
principles and Pontryagin’s principle, is consistent with the research orientation of
the dissertation.
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3- A general research framework has been developed for the dissertation with
respect to the class of problems involving dynamic analysis and motion optimization
of industrial manipulators.

CHAPTER 3. OPTIMAL CONTROL OF INDUSTRIAL MANIPULATORS
IN POINT-TO-POINT MOTION

3.1. Optimal control of a manipulator moving to a target point

3.1.1. Problem statement

Consider a planar manipulator with two
revolute links and one prismatic link at the
end, namely a planar RRP manipulator, as
shown in Figure 3.1.

The problem is to reduce the control
effort, or to optimize the control effort of the
manipulator, by determining the optimal
driving forces/moments at the joints, namely .
the control variables u, such that the end- Hinh 3.1. Tay mdy phing RRP dang 1
effector E moves from the initial point (xo, yo),
corresponding to the robot manipulator configuration q(0) = qo, to the final point (xs,
yr), corresponding to the robot manipulator configuration q(t) = qs, within the
prescribed time tf..

3.1.2, Establishment of the dynamic equations

3.1.3. Formulation of the optimal control problem
The requirement is to determine the control variables u(t) and the

corresponding motion law in joint space q(t) such that the end-effector of the
manipulator moves from the initial position M|, (xo , yo) , corresponding to the initial
configuration q, = q(O) , to the target position M, ()g R yf) , corresponding to the
final configurationq, =q(; f.). The quantities q,,q,,¢, are prescribed, and the

optimality criterion is to minimize the control effort, represented by the time integral
of the squared control forces/moments:

7 . 1
J=Iﬁdt—>mln; f():E(u]z+u22+u32) (1.20)
0

3.1.4. Simulation results for optimal control
a) Simulation setup
Manipulator parameters:

m =4,8m,=2,4; m,=3,0; m=15 [kg]
L =10;L,=0,5L =06 [m]; ¢, =0,5; ¢, =0,25; ¢; =0,3 [m]
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J,=0,4; J,=0,05; J,=0,09 [ kgm’ |
b =5; by=5[N.m.s/rad]; b, =5[kg/s]; g = IO[m/sz]; t,=3,0[s]
The initial and final configurations of the manipulator are selected as follows:
M, q (0) =0; g, (0) =0,2 [rad]; q; (0) =0,1 [m]
M,:q (tf) =14; q, (tf) =1,0 [rad]; g, (tf)=0,5[m]
The boundary conditions for the joint velocities are selected as follows:
4,(0)=4,(0)=4,(0)=4, (tf):q'2 (tf) =4 (tf):O

t
The objective functional is: z = J fodt véi z(0)=0.
0

The boundary-value system is solved using MATLAB® software.
b) Simulation results

In Figure 3.2, the joint variables vary continuously over time, and the joint
angle values at the initial and final times coincide with the initial and target points
specified in the boundary conditions. In addition, the motion trajectory of the end-
effector shown in Figure 3.3 is a continuous curve, indicating that the manipulator
successfully performs the required point-to-point motion in the working plane.

2 T T - T T T r

= Quy dao diém cudi

Lok O Diém bitdau
# Diém két thic

=
=]

14}
1
12}
o 05
= 1r
2 9
& 08¢
205
0.6
1 ]
. e — 1 [rad] 04F
1.5 S’ = = g3 [rad] |
gy ] 02t ]
0 0.5 1 15 2 0.5 0 0.5 1 15
t[s] ' [m]
Hinh 3.2. Do thi cdc bien khop Hinh 3.3. D6 thi quy dao chuyén dong diém cudi
25 4
—a [rad — & rad]
- = = 1 [rad/s]] | 3L |= = do [rad/s| -~

@, 42

0 0.5 1 15 2 .
tls] tlsl

Hinh 3.4. Do thj bién khdp va van toc khdp khau 1 Hinh 3.5. D6 thi bién khdp va van téc khdp khdu 2
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tlsl

Hinh 3.6. D6 thi bién kkhop vé vdn (¢ khdp khau 3

Figures 3.4 to 3.6 show the joint
angles and the corresponding joint
velocities of each link. The joint
velocities vary continuously, without
large oscillations, and satisfy the zero-
velocity conditions at the initial and final
times. The control forces and moments
shown in Figure 3.7 also vary
continuously, without large oscillations
or abrupt changes. The monotonicity of
the objective function in Figure 3.8

Luc/momen diéu khién

150

100

-100

— 0 Nom]
= = N
[

-150
0

Hinh 3.7. Dé thi cac lwc va mémen diéu khién

7000
6000

Z 5000

indicates the accumulation of the control cost.

t[s|

Hinh 3.8. D6 thi ham chi phi tich lup

3.1.5. Quantitative comparison with reference motion laws

From Figure 3.9, it can be observed that the cumulative cost functions of all
four alternatives increase over time, which is consistent with the form of the
objective function constructed from the squares of the control forces/moments.

14000

12000
10000 -
Z
8000 v
a
G000
3}
1000
[——T6i ru theo Pontryagin
P = = Da thirc bjc ba
2000 —-—Da thir bje nim
—S-curve
0
] 0.5 1 15 2
t [s]

Hinh 3.9. D3 thi ham chi phi tich Iy ciia cde quy ludt chuyén dong

GiatriJ

14000

12000

10000

8000

G000

4000

2000

0

Pontryagin  Bac 3

6080.07

1270480 101001

11599.96

Bac 5
Phuong phap

S—curve

Hinh 3.10. Biéu @ so sénh gia tri ham muc tiéu
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200 60 = Téi 1t theo Pontryagin
Da thirc bic ba
=== Da thirc bjc nim

= T6i 1 theo Pontryagin
~ = Dathirc bic ba

— -~ Da thirc bic ndm
S-curve

150 =

10

100 20

N.m
N.m

50

uy
uy

ts| i [s]

Hinh 3.11. D6 thi mémen u, ciia cac quy ludt chuyén déng — Hinh 3.12. P6 thi mémen u, ciia céc quy ludt chuyén dong
60

T3 wa theo Pontryagin Bang 3.1. So sanh gid irf ham muc tiéu gitra nghiém f:?l e va cdc quy lugt
50— — Dathicbicba chuyén dong doi chimg trong chuyén dong dén diem dich
—-—-Da thitc bic nim
40 S-curve Mikc giam cua
30 Quy luit chuyén djng Gia Ir}‘hnm mue ng't.ul_:_m tot wu 30
- o - ¢ tién J véi cac quy luft
Z 20 doi ching
- 10 Téi wu theo Pontryagin 6089,07
0 Da thirc bic ba 11899.96 48.83%
-0 Pa thitc bic nim 12704,80 52,07%
-20
0 0.5 1 1.5 2 2.5 3 S-curve 1242391 50,99%

Hinh 3.13. D6 thi lrc , tc[:;](r cae quy ludt chuvén dong
The results shown in Figure 3.10 and Table 3.1 indicate that the optimal
control solution based on Pontryagin’s principle yields the smallest value of the
objective function. Compared with the reference motion laws, the optimal solution
reduces the objective function value by approximately 48.83% to 52.07%.

3.2. Optimal control of manipulators in cyclic point-to-point motion

3.2.1. Problem statement

The complete working cycle of the manipulator consists of two phases:

- In the first phase, the manipulator carries a payload and moves from the
initial position to the final position.

- In the second phase, the unloaded manipulator moves from the final position
back to the initial position or to a specified working configuration.

The requirement is to determine the control laws u(t) corresponding to the
entire cycle so that the manipulator completes both the forward and return strokes
under the prescribed boundary conditions, while also satisfying the required
optimality criterion.

3.2.2. Formulation of the optimal control problem
In the first phase, the end-effector of the manipulator moves from the initial

position M (xo , yo) corresponding to the initial configuration q (0) =(q, to the final
position M, (xd » Va ) , corresponding to the configuration q(t n ) =q, at the
prescribed time t=t,,
manipulator moves without payload from the position M, back to the position

with the payloadm =m,. In the second phase, the
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M, =M, , corresponding to the configuration q(( f.) =(q, within the time interval

t,, - The objective function selected for each phase of the motion is:

I ' 1
J:‘([fodt—>m1n; fozz(uf+u22+u32) (1.21)

3.2.3. Simulation results for optimal control
a) Simulation setup
Numerical simulations are performed using the parameters selected as in

Section 3.1.4, with ¢, =¢, =2[s],¢, =t, +1, =4[s]. The boundary conditions of

the cyclic motion problem are selected as follows:
The boundary conditions of the forward phase are:

¢,(0)=0[rad];¢,(0) = 0,2[rad]; ¢;(0) =0 [m];
q, (tf1 ) =1,4[rad]; g, (t/i ) =1,0[rad]; g, (t/i ) =0,5[m]
4,(0)=4,(0)=4,(0)=4, (tfi ) =4, (tfi ) =4 (tfl ) =0
z(0)=0
The boundary conditions of the return phase are:
q, (t/i ) =1,4 [rad]; q, (tfl ) =1,0[rad]; g, (t,fi ) =0,5[m];
q,(t,)=0[rad];q,(z,) = 0,2[rad]; ¢5(¢,) = 0[m];
0 (15) = (1) =5 (1) an (1) = (1) = s (1, ) = 0
b) Simulation results
From Figure 3.14, it can be observed that the joint variables vary
continuously in both the forward and return phases. The joint variables reach the

correct configuration at the transition point; thereafter, the manipulator continues the
return phase to recover the initial configuration.

—— 1 i [rad/8]

—— Gy ve [rad/s

- =gy di [rac

- = =Diém dbipha |

Bién khop
Viin toc khép

Hinh 3.14. DG thi cdc goc khdp giai doan di va vé Hinh 3.15. D6 thi cae vdn téc khdp giai dogn di va vé
Figure 3.15 shows that the joint velocities at the start time, at the phase
transition point, and at the end of the cycle are all equal to zero.
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The trajectories of the forward and return
phases in Figure 3.16 connect the initial position,
the phase transition position, and the final
position in accordance with the specified
requirements. Figure 3.17 shows that the control
moments vary continuously in each phase and do
not exhibit abnormal oscillations. Figure 3.18
presents the cumulative value of the objective
function over the entire cycle.

W0

2000

Hinh 3.18. D thi lich luf ham muc liéu giai doan di ve vé

3.2.4. Quantitative comparison with reference motion laws

From Figure 3.19, it can be observed that the cumulative cost functions of the
alternatives all increase over time, which is consistent with the form of the objective
function constructed from the squares of the control moments. According to Table
3.2, the optimal control solution reduces the objective function value for the entire

cycle by approximately 49.59% compared with the

cubic polynomial motion law,

52.70% compared with the quintic polynomial motion law, and 51.66% compared

with the S-curve motion law.
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Conclusion of Chapter 3

From the contents of Chapter 3, the following conclusions can be drawn:

1- The methodological framework developed in Chapter 2 can be effectively
applied to the optimal control problem of industrial manipulators in point-to-point
motion.

2- The application of Pontryagin’s Maximum Principle makes it possible to
transform the optimal control problems under consideration into systems of
differential equations with boundary conditions, in which the state variables, costate
variables, and optimal control laws are determined simultaneously.

3- The numerical simulation results show that the obtained optimal solutions
ensure that the manipulator performs the required motions correctly. A quantitative
comparison of the optimization criterion was conducted against reference motion
laws, including cubic polynomial, quintic polynomial, and S-curve laws. For the
target-point motion problem, the optimal solution reduces the objective function
value by 48.83%, 52.07%, and 50.99%, respectively, compared with the reference
laws. For the cyclic point-to-point motion problem, the objective function value over
the entire cycle is reduced by 49.59%, 52.70%, and 51.66%, respectively.

CHAPTER 4. OPTIMAL CONTROL OF INDUSTRIAL MANIPULATORS
SUBJECT TO END-EFFECTOR TRAJECTORY CONSTRAINTS

4.1.Optimal control of manipulators subject to end-effector trajectory
constraints
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4.1.1. Problem statement

Consider a planar manipulator with three
revolute links, as shown in Figure 4.1.

The problem is to optimize the control effort
of the manipulator by determining the optimal
driving forces/moments at the joints, namely the
control variables, such that the end-effector E, with

coordinates (x,,y,) in the coordinate system
O,x,y, moves in the vertical plane along a

prescribed trajectory, which is a straight line defined
by

G S yy +ax, —b=0 (122) Hinh 4.1. Tay méy phdng ba khau quay (RRR)

where a, b re prescribed coefficients.

4,1.2, Establishment of the dynamic equations of the constrained manipulator
Taking the time derivative of G gives

Ad—G_zaG Zd, G,=0; d, _2—G (1.23)

l

From this, the matrix D is obtained as follows:

10 —%
D= d3 (1.24)

01 -2

d}

4.1.3. Formulation of the optimal control problem
The requirement is to determine the control variables u(t) and the

corresponding joint-angle trajectory q(l) such that the end-effector of the
manipulator moves from the initial position M, (xo, yo) , corresponding to the joint
angles q, = q(O), , along the straight-line trajectory defined by Eq. (4.1), to the
target position M, ( XY f) , corresponding to the joint angles q, :q(tf). The
quantities q,,q,,?, are prescribed, and the following optimality criterion is

satisfied:

J= jfodt—mm fo—l(u1+u2+u3) (1.25)

4.1.4. Numerical simulation results
a) Simulation setup
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Numerical simulations are performed using the following selected
parameters::

m =42;m,=3,0; m=2,88; m, =15 [kg]

L, =08; L,=0,6; L, =0,5 [m]; ¢, =0,4; ¢, =0,3; ¢; =0,25 [m]
J,=0,224; J,=0,09; J, =0,06 [ kgm’ |

b =3;b, =5;b, = 5[N.m.s/rad); g =10[ m/s” |; ¢, =2[s]

The boundary conditions:

¢,(0)=0{rad]; ¢, (0) =% [rad]; ¢, (0) :%[rad]

()=~ [radsqu (t,) = 2 [rad]: g3t ) =% [rac];

a.(
¢(0)=4,(0)=4,(0)=0
Q1) =a:(1,)=a (1) =0
The objective functional is z = jfodl ; 2(0)=0.

b) Simulation results
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In Figure 4.2, the joint variables vary continuously over time, without jumps
or abnormal oscillations. Figures 4.3, 4.4, and 4.5 show the detailed variation laws
of the joint variables and the corresponding joint velocities. It can be observed that
the velocities of all joints are equal to zero at the initial and final times, which is

consistent with the prescribed boundary conditions.
Figure 4.6 shows that the end-

400

effector of the manipulator moves from the
initial point to the final point while
following the prescribed geometric
constraint. Figure 4.7 shows that the control
signals ul, u2, and u3 vary continuously
throughout the simulation process. Figure
4.8 presents the cumulative value of the
objective function z(t), which increases
rapidly in the initial phase, then increases
more slowly in the middle phase, and
continues to increase more strongly in the
final phase. This behavior is consistent with
the variation of the control forces/moments shown in Figure 4.7.
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4.1.5. Quantitative comparison with reference motion laws

Figure 4.9 shows that the cumulative cost curve of the Pontryagin-based
solution is clearly lower than those of the reference motion laws over most of the
motion process.
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The control signals of all four methods shown in Figures 4.10 to 4.12 vary
smoothly, without abnormal peaks. In general, the Pontryagin-based solution does
not minimize the amplitude at each individual actuator separately, but coordinates
all three control variables to reduce the cumulative cost function.

The results shown in Figure 4.13 indicate that the Pontryagin-based optimal
solution significantly reduces the control cost compared with the reference motion
laws. Specifically, the optimal solution reduces the energy by approximately 29.46%
compared with the cubic polynomial motion law, approximately 29.46% compared
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with the quintic polynomial motion law, and approximately 29.47% compared with
the S-curve motion law. This demonstrates that the optimal control solution not only
satisfies the boundary conditions and the end-effector trajectory constraint, but also
achieves better performance according to the selected optimality criterion.

4.2. Optimal control of manipulators along a prescribed trajectory in cyclic
motion

4,.2.1. Problem statement

Consider the planar RRP manipulator of type 2, as described in Section 4.1.
The motion of the manipulator is performed over a cycle consisting of a forward
phase and a return phase. In the forward phase, the manipulator carries a payload m
at the end-effector and moves from the initial point to the target point along a
prescribed trajectory. In the return phase, the manipulator moves from the target
point back to the initial position without carrying a payload, while still following the
prescribed trajectory of the end-effector..

4.2.2. Formulation of the optimal control problem
In the forward phase, the end-effector of the manipulator moves from the

initial position M (x,,y, ), corresponding to the initial configuration q(0)=gq, ,
over the time interval 0 <z <¢,, to the final position M, (x eV ) , corresponding to
the configuration q(( ﬂ) =q, , with the payload m =m,. In the return phase, the
manipulator moves without payload, and the end-effector moves from A, back to
M, =M,, corresponding to the configuration q(t f) =(q, over the time interval

t;, <t<t,, . The total motion time of one cycleis 7, =1, +1¢

The objective function selected for each phase of the motion is

J= J'fodt—>mm f== (u1+u2+u3) (1.26)

4.2.3. Numerical simulation results
a) Simulation setup
Céc diéu kién bién dugc chon nhu sau:
Boundary conditions of the forward phase (0<7 <7, =2[s])

¢,(0)=0{[rad]; ¢, (0 )=Z [rad];q3(0)=%[rad]

(
9 (U,)Z-—[rad A )=2?” [rad]; q3<tﬁ)=—§[rad];
¢(0)=4,(0)=4d;(0)=0

ql(tfu):qz(tf]):%(tf,)zo

- Boundary conditions of the return phase (7, <7<t#,,)
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q,(t;) = —% [rad]; q,(t,)) = 2Tﬂ[rad]; q5(t,) = —% [rad];
¢,(t,)=0[rad]; ¢,(z,) = % [rad]; ¢,(¢,) = % [rad];

ai(tp)=a: (1) =45 (1) = 04, (1) = a1 ) = dis (1) = 0
b) Simulation results

Figure 4.14 shows that the joint variables vary continuously over time during
both the forward and return strokes. The values of the generalized coordinates at the
beginning and end of each stroke are consistent with the prescribed boundary
conditions.
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Figure 4.15 shows the joint velocities over the entire cycle. The joint velocities
satisfy the zero-velocity condition at the initial time, at the phase transition point,
and at the end of the cycle..
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The trajectory results of the end-
effector in the working plane shown in Figure
4.16 indicate that the end-effector trajectories
in both the forward and return phases lie on
the prescribed geometric constraint. This
shows that the formulation of the optimal
control problem for each phase of the cycle
still ensures satisfaction of the trajectory
constraint at the end-effector. Figure 4.17
presents the corresponding optimal control
forces during the two strokes. It can be
observed that the control forces vary
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continuously over time, without large abrupt changes. The value of the objective
function shown in Figure 4.18 increases monotonically over time, which is
consistent with the nature of the objective function.

4.2.4. Quantitative comparison with reference motion laws
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Figure 4.19 presents the variation of the cumulative cost function over time
for the Pontryagin-based optimal solution and the reference motion laws. It can be
observed that the cumulative cost curve of the Pontryagin-based solution is clearly
lower than those of the reference laws over most of the cycle time, including both
the forward and return phases. The three control-variable plots shown in Figures
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4.20 to 4.22 indicate that the control signals of all methods are continuous and do
not exhibit abnormal peaks caused by trajectory singularities, as in the previous case.
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The results in terms of the J value show that the objective function value over
the entire cycle for the Pontryagin-based optimal solution is reduced by 23.01%
compared with the cubic polynomial motion law, 23.10% compared with the quintic
polynomial motion law, and 23.06% compared with the S-curve motion law. This
demonstrates that the optimal control solution achieves clear quantitative
effectiveness according to the selected criterion of control-effort optimization.

Conclusion of Chapter 4

From the contents and results obtained in Chapter 4, the following
conclusions can be drawn:

1- The methodological framework of the dissertation can be further extended
from point-to-point motion problems to optimal control problems of industrial
manipulators subject to end-effector trajectory constraints.

2- The application of Pontryagin’s Maximum Principle to manipulator
models subject to trajectory constraints shows that the dissertation’s approach is not
only suitable for unconstrained mechanical systems but can also handle mechanical
systems subject to geometric constraints throughout the motion process.

3- The quantitative comparisons with the reference motion laws further
clarify the effectiveness of the Pontryagin-based optimal solution. For the problem
of single motion subject to an end-effector trajectory constraint, the objective
function value of the optimal solution is reduced by approximately 29.46%, 29.46%,
and 29.47%, respectively, compared with the reference motion laws. For the cyclic
motion problem, the objective function value over the entire cycle of the optimal
solution is reduced by approximately 23.01%, 23.10%, and 23.06%, respectively.

GENERAL CONCLUSIONS AND FURTHER RESEARCH DIRECTIONS
General conclusion

From the contents and results obtained in the dissertation, the following
conclusions can be drawn:
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1- The dissertation has developed a relatively unified methodological
framework for the class of problems involving dynamic analysis and motion
optimization of industrial manipulators.

2- For the point-to-point motion problem, the dissertation has formulated,
developed, and solved the optimal control problem for two representative cases:
motion to a target point and cyclic motion. The obtained results show that the
established dynamic models are appropriate, the optimization problem is properly
formulated, and the resulting optimal solution ensures that the manipulator performs
the required motion correctly, with joint variables, joint velocities, and control
signals varying continuously and in a mechanically reasonable manner.

3- For the motion problem subject to end-effector trajectory constraints, the
dissertation has extended the methodological framework from unconstrained
systems to systems subject to geometric constraints. The research results show that
the equations of motion of the constrained system can be established in a form
suitable for applying Pontryagin’s principle, thereby making it possible to determine
the optimal control law that ensures the end-effector follows the prescribed trajectory
throughout the entire motion process.

4- The quantitative comparisons with reference motion laws, such as cubic
polynomial, quintic polynomial, and S-curve laws, show that the Pontryagin-based
optimal solution significantly reduces the value of the objective function.

5- In terms of contributions, the dissertation does not merely apply existing
theoretical results to specific models, but organizes and develops a systematic
approach for the class of problems involving dynamics and optimal control of
industrial manipulators. The planar three-degree-of-freedom manipulator models
investigated in the dissertation serve to illustrate and verify the proposed
methodological framework.

Further research directions

1- Extend the research direction of the dissertation to robot manipulator
models with spatial structures and a larger number of degrees of freedom.

2- Further investigate and incorporate into the dynamic model influencing
factors such as environments with obstacles, uncertainties in the dynamic model, and
the elasticity of links and joints.

3- Conduct experimental verification on a specific manipulator model.



